Analysis Exam, May 2019, 4 hours

Please put your name on your solutions, use 8% X 11 in. sheets, and number the pages.

. Let {fn}5%, be a sequence of entire functions and f an entire function such that f, converges
to f uniformly on {z € C | |z| < 1}. Prove that lim,_,~ f,,(0) = f/(0).

. Let A\, denote n dimensional Lebesgue measure on R". Suppose that, for each j =1,2,...,
A; is a Borel subset of [0, 1] x [0,1] with Aa(4;) > %, and
(a) Prove that A\i(B;) > § for every j.

3
(b) Prove that A; ({z : € infinitely many B;}) > §. (Hint: Fatou’s Lemma)

=

B = {ecnal: i oeay>

. Suppose U = {z € C : Im(z) > [Re(2)]?}. Prove or disprove:
(a) There exists a holomorphic map from U onto C.

(b)
(c) There exists a holomorphic map from U \ {i} onto C\ {0}.
(d) There exists a holomorphic map from C \ {0} onto U \ {i}.

. Suppose 1 <p<qg<r<oo.
(a) Show that LP(R) N L"(R) C LY(R).
(b) Show that L4(R) C LP(R) 4+ L"(R) (we use the notation A+ B={g+h:g€ A h € B})

There exists a holomorphic map from C onto U.

. Let n be a positive integer and let a € (0,1). Compute

2m cosSnx
5 dx.
o l1—2acosz+a

. Suppose f and f1, fa, f3,... belong to L'([0,1]) and f,(z) — f(z) for a.e. = € [0,1]. Show
that, for every € > 0, there is a compact K C [0, 1] with Lebesgue measure > 1 — ¢ so that

lim / fo— fldz = 0.
n—oo K




